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We are given a financial market made of two assets, a risky one and a non-risky one. The
market evolves in discrete time over N periods. The spot price of the non-risky asset at times

0,1, ..

0,1, ..

., N is denoted by S, S?, ..., S%. Similarly, the spot price of the risky asset at times
., N is denoted by Sy, Si, ..., Sx.

The dynamics of the non-risky asset are given by :

Yae {0 .25 Nk 5= 8 +r"

where r > 0, whereas the dynamics of the risky asset follow a binomial model :

Vn € {0,...,IV}, Sai= Sﬂfl--'gnv

where &;,...,&v are N independent and identically distributed random variables on some
probability space (€, A, P) with distribution :

vn € {0,...,N}, IP’(EH = -u) =1- ]P’(fn = (l) =D,

forpe (0,1) andd <1+7r <u.

We assume that, for any n = 0,..., N — 1, the detention of k shares of the risky asset
between times n and n + 1 pays, at time n + 1, a dividend equal to kD, where D > 0 is the
dividend per share.

J

Assume that, at some time n =0,..., N — 1, a financial agent has a capital W, > 0
and invests a proportion &, € [0,1] of the capital in the risky asset and, then, the
proportion (1 — @,) in the non-risky asset. Show that the wealth at the next time
n+ 1 writes
rén a r D A 74
Wiin, = a’n”’n(&m + S_) + (1 = é)Wo(1 + 1),
n
where the superscript &, in the left-hand side indicates that the wealth at time n+1
depends on the strategy of investment chosen by the agent at time n. Check that
Wi, is non-negative.
Assume for the moment that N = 1 and that the financial agent aims at maximizing
E[U(W{°)] over dy, for some utility function U : (0, +oc) — R, for an initial capital
Wy = 2 > 0 and for an initial spot price Sy = s > 0.
(a) Taking U(x) = 2 for some ¢ € (0,1), show that there exists a funetion non-
increasing function ¢ : Ry — Ry such that
sup E[U(W)] = ¢(s)a?.
agfo,1)
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(b) Prove that there exists a unique o*(s) € [0,1] such that
o' (s) = argmaxac o E[U (W],
and check that it does not depend on z.

(3) We now return to the case when N > 1. The goal is to maximize E[U (IVﬁH over the
strategies & = (do, ..., ay—1) that are adapted to the filtration (F,)n=0,_. ~n-1-.
To this end, we let the value function U, at time n be a function of both the wealth
x of the agent at time n and the spot price of the risky asset s at time n :

Un(z,8)= sup E [U (PVli?”""'gN—l))],

(@ny v 1)
with the prescription that W,, = z and S,, = s.
(a) What are the admissible values for s at time n (in terms of Sp, d, v and n)?
(b) Prove that Uy does not depend on s.

(¢) Propose (without any proof) a suitable version of the dynamic programming
principle.

(4) In this question, take for granted the dynamic programming principle proposed right
above.

(a) Prove that, for any n € {0,..., N}, there exists a non-increasing function ¢, :
R, — R, such that

Ul 8) = 6:08)1%
(b) Express ¢,(s) in terms of ¢,41(s).
(c) Prove that, at any time n, there is one and only optimal choice for the financial

agent to allocate his/her capital. Describe the information that is needed to
proceed with such an allocation.

(5) In this question, we suppose D = 0 and choose p = 1/2. We also allow & to be in
[-(1+7)/(u—(1+7),1+7r)/(1+7r—d).

(a) Show that, with the admissible values for the allocation, the wealth remains
non-negative.

(b) Show that Question (2a) holds true, but with ¢ independent of s given by
. (L 4r)t (u—d)?
2 [(u= (1 +)YeD) 4 (14 7) — d)/a-D]a-1

(¢) Choose u =1+ p+a and d =1+ p — a. Check that 1+ p is the mean of £ and
a? is the variance of £&. Why would it make sense to assume g > r?

(d) Show that ¢ = (1 + 7)? when p = r. Explain why it does not depend on a.

(e) Let At = T/N be the time step of a discretization of an interval [0, 7. choose
r = pAt, p—r = AAt and a = o/ At. Show that

’\‘2
L_)T].
2(g—-1) o2
What can you say about the optimal egiglt when N tends to co?
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The exam consists of two parts, which are almost independent.

PART A

On a filtered probability space (2, A, (F;)i>0, P), equipped with a one-dimensional Brow-
nian motion (W;);>o with respect to the filtration (F3)>0, consider a controlled process of
the form:

() dX, = opdt + dW,, t€[0,T),

the initial value Xy = xy being prescribed and the control process (o )ein 1 being (Fi)ieio T1-
0 2 £[0,T] 5 €10.T)
progressively measurable and satisfying

T
IE/ e |?dt < oo.
0

riven a smooth bounded function g : R — R, with bounded derivatives of any order, we
then let J((c)sco,r)) be the cost functional:

i
(OO J((“f)ze[u.’l‘]) [f)(xr) l/ |“t| f“]

The goal is to identify the optimal path(s) minimizing J.

(1) From the general form given in the course, show that the Hamilon-Jacobi-Bellman
equation here writes:

|
deu(t, x) + 2() u(t, x) ;a u(t,z)2=0, (tz)€[0,T]xR,

u(T,z) =g(z), xeR.
(2) Show that u € C'2([0,T] x R) solves () if and only if v = exp(—u) solves

dho(t, ) + 20;£ v(t,z) =0, (tz)€(0,T],xR

v(T,z) = exp(—g(z)), x€R.

(3) Consider the function

w(t,z) = \/_'/exp (x+ VT —t y)] ewp( 5 )(ly, (t,z) € [0,T] x R.
2m e VPR
(a) Show that w is continuous in (f,x) and has derivatives of any order in x that
are continuous in (t,x). Check that all the derivatives (in x) are bounded.
(b) Prove that w is differentiable in the parameter ¢ on [0, 7T), d,w being continuous
on [0,T) x R.
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(4) Show that w may be written under the form
L ' b (r—1y)
w(t,z) = / exp[—g(y)]! PXP(_"(T e )dy,
R

/(T = 1) 2

aud solves (xx) on [0,T) x R.
By a continuity argument, we could prove that w is differentiable in time at + -- 7'
as well and that w € C*([0,T] x R). We admit this claim. Below, we let:

2(t,x) = —In(w(t,z)), (tz)€0,T]xR.

(5) Consider now ([J) for some control process (a)ieqo,r). Using Ito’s formula, prove that

[~

|

o

1 ’ B il
J(((.\'f),e{g‘n) = 3((),.1'0) i % EE]‘ {ﬂt . f)_r?.u, \r)l([f
gl

(6) Deduce that there exists a unique path (X} )iejo,7) minimizing J (with the given initial
condition). Characterize it as the solution of a uniquely solvable SDE (prove that the
SDE admits a unique solution but don’t try to find the explicit form of the solution).
(7) Prove that (J,z(t, X/))ico,r) is a martingale with respect to the filtration (Fo)eetor)-
Deduce that there exists a constant ¢, possibly depending upon wp, such that, for all
t€[0,7],
(% % %) E[X}] = o + te.
Parr B
We now consider (O0O) but with g(z) = Ja%
(1) Find a solution z’ to (*) such that 9,2'(¢,-) is a linear function in x for any ¢.
(2) Consider now (O). Using [to’s formula, prove that

" L ,
J((”t)tc[{),'r]) = 2 (U. ‘t‘[)) ‘i' GE / I“.'.f + ().L“: {f, _‘{f)l—(lt.
= Jo

(3) Deduce that there exists a unique path (X)) minimizing J. Find the explicit
shape of (X} )07

(4) Prove directly that (x « ) holds true and find the value of the constant ¢ therein.
(5) Replace now the condition g(x) = %.L‘Z by g(x) = —%;1:2 and take T = 1 — = for some
=e(0,1).

(a) Compute the new value of ¢ in (* x x).

(b) What happens when = — 07

(¢) In order to explain the above phenomenon, choose 79 = 0, T = 1 and o, = A, for
all ¢ € [0,1], in (O), for some large real A > 0. Show that the cost to ()=o)
is constant with A.

(d) Deduce that the cost functional may remain bounded along sequence of controls
(v¢)eefo,r) such that the sequence of kinetic energies E .ful I |%dt is unbounded.



