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In all the exercises, (Q, A,P) denotes the current probability space.

1. RANDOM VARIABLES

Exercise 1. Compute V(X) (if exists) in the following cases

(1) X is a r.v. of uniform law on (0, 1).
(2) X is ar.v. of Bernoulli law of parameter p € (0,1).
(3) X is ar.v. of Gaussian law NV (m,¢?) (i.e. of parameters m € R and o > 0).

Exercise {/2. Let X be ar.v. of Gaussian law A(0,1) (i.e. of parameters 0 and 13.

(1) Form € R and ¢ > 0, give the law of m + o X. 1\1
(2) Give the law of X2, }\\/ ( A d’—/’

Exercise 3. Let U be a r.v. of uniform law on (0,1). Give the law of 1 - /.

Exercise @ Let X be ar.v. and ¢t € R. Compute E[exp(t.X)] in the following cases:

(1) X is a Bernoulli r.v. of parameter 0 < p < 1.
(2) X is a Gaussian r.v. N(m,0?), m€ R and ¢ > 0.

Exercise 5. Show that the moments of a r.v. X of Gaussian law A/(0,1) are given by

_ (2n)!
o 2npl’

vn >0, E(X?) E(XZ+1) = .

Hint: Use the previous exvercise.

2. INDEPENDENT RANDOM VARIABLES

Exercise 6. Let X,Y be two independent and identically distributed r.v. of law N(0,1). Prove
that X — Y and X + Y are independent. et t

Exercise 7. Let U and V be two independent and identically distributed r.v. of uniform law on
(0.1). What is the law of max(U,V)? What is the law of the pair (min(U, V), max(U, V))?

Exercise 8. Let X and Y be two independent and identically distributed r.v. of Gaussian law
N(0,1). What is the law of X/Y? Is it possible to define E[X/Y]? -,QIV

Exercise 9. Let X and Y be two independent variables such that E[X? + Y?] < +c0.
(1) Show that E[X] and E[Y] exist.
(2) Show that V(X +Y) = V(X) + V(Y).
(3) Find a counterexample to the above equality when X and Y are not independent. _

Exercise 10. Let U and V be two independent expouential r.v. of parameter A > 0. What is the
law of min(U, V)?
L
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Exermse 1. Let X and Y be two independent Gaussian random variables of law A (my, J‘f) and
N(mg, 03 11, ms € R and 01,09 > 0. Using characteristic functions, give the law of X+ Xs.
A
3. GAUSSIAN VECTORS
ExerclS@ Let m = (mi)i<i<n € R™ and K = (Kjj)1<ij<n be a non-negative symmetric
Tat

matrix is the law of m+ KY2(Xy,..., X,)t, where X1, ..., X,, are n LLD. random variables
of N(0,1) law?

Exercise 13. Let (X7,. ..,Xn) be a Gaussian vector and (i1,...,4n) € {1,...,n}™. What can
be said about the law of (2 s Nt

E

Exerc1se’ Let X be an N(0,1) r.v. and Z be a uniformly distributed r.v. on {-1,1},
Tl D

inc epende

) Show that ZX is Gaussian.
( ) Considering X 4+ ZX, show that the pair (X, ZX) isn’t Gaussian.
(3) Prove that X and ZX are ot independent, but that their covariance is zero.

Exercise 15. Let Xi,..., X, be n Gaussian independent r.v. Check that the sum > " 1 X s
a Gaussian r.v. whose mean and variance are respectively given by the sum of the means and the
sum of the variances of the (X;)1<i<n.

Exercis Let (X1,...,X,) be a Gaussian random vector with mean m = (mj)i<j<n and
covarianceatrix K = (Kjx)i1<jr<n-

(1) For some (£;)1<j<n € R”, what is the law of 377, ¢; X7

(2) Deduce that

n n T
E[exp(i Z tj:{j” = OXp(‘i Z tymy; — 3 Z tjfi'j'ktg”
j=1 j=1 Fk=1

(3) What can be said about two Gaussian vectors with the same mean and the same covariance?

Exercise 17. Let (X1,...,X;,) and (Y7,...,Y},) be two Gaussian vectors such that the vector
(X1,...,Xm, Y1,...,Y,) is Gaussian. Show that (X1,...,Xm) and (Y3,...,Y,) are independent
if and only if the covariance matrix of (Xy,..., Xy, ¥1,..., ;) is block diagonal, i.e. has the form

A0 . . . :
( 0 B where A is a m X m square matrix and B is a n x n square matrix.

Exercise 18. Let (X;)1<i<n, 7 > 2, be n independent and identically distributed r.v. of Gaussian
law (0, 1). Prove that ther.v. X, =1 =37, X, and maxi<i<n Xj —miny<i<p X; are independent.

Hint: Consider the vector (Xn, X1 — Xn, ..., Xn — Xn)t.

Exercise 19. Let (X,),>1 be a sequence of L1D. r.v. of Gaussian law N(0,1). We set By =0
El.I.lLI forn>1, By=3r_; Xx

(1) Give the covariance matrix of (By,..., B,) as well as its probability density (if exists).

(2) For 1 <m < n, set Z,, = By, — (m/n)B,. Prove that Z,, and B, are independent. ,
(Above, the first diagonal block is of size m x m and the second one of size n x n.
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In all the exercises, (Q, A,P) denotes the current probability space.

1. LAw or A PROCESS

Exercise 1. Let (X;)o<:<1 be a real-valued continuous process.
(1) Show that the following mapping is a random variable:

1
weN— ] Xs(w)ds.
0

Hint: think of Riemann sums.
(2) Let (Y;)o<t<1 be another real-valued continuous process.
(a) Assume that X and Y have the same law, prove that fol Xeds and fol Y.ds have the
’ same law. .
/ (b) Assume that X and Y are independent, prove that fo Xsds and fol Y.ds are indepen-
dent.

2. GAUSSIAN PROCESSES
Exercise 2. Let (X;);>0 be a Gaussian process. For a function 1 from R, into itself, show that

(Xy())e>0 is also Gaussian.

Exercise 3. Let (X;)o<¢<1 be a real-valued continuous Gaussian process. We suppose that the

functions t — E(X;) and (¢, s) — E(X,X,) are continuous. Show that fol Xsds has a Gaussian law.
Compute its mean and its covariance.

3. BROWNIAN MOTION

Exercise 4. Let (B;);>0 be a (real) Brownian motion. Show that (=Bt)t>0 is a Brownian motion. -

7}( Exercis@ Let (B})¢>0 be a (real) Brownian motion. For a real a > 0, show that (Bast — Ba)t>0
1s a Brownian motion and is independent of (Bt)o<t<a-

Exercise 6. Let (B;)i>0 be a (real) Brownian motion et and (ét)tzg be the family of random
variables given by: = d
E(} =0, ¥t >0, B =tB;-1.
(1) Show that (éc)tgo is a centered Gaussian process with (s, ) € R2 + s At as covariance
function. ~
(2) Deduce that (Bi)i>o and (B;)i>o have the same law.

Exercise|7.| Let (Bt)t>o0 be a (real) Brownian motion and (Zt)o<t<1 be the process:
Vte (0,1, Z, = B, — tB,.

(1) Show that {Z;)o<t<1 is a Gaussian process and is independent of B;. Compute the mean
and the covariance functions of Z.
1

B;gw\moﬁ Y’)‘p.kﬁg






(2) We define the time reversal of Z by:
Vi€ [0,1], ¥i = Z1_s.

Show that both processes have the same law.

Exercise 8. A d-dimensional Brownian motion is a process of the form (B; = (B, ..., B0,
where (B})t>0, 1 < i < d, are independent (real) Brownian motions. Show that for such a B and
for a matrix U of size d x d with UU™ equal to the identity matrix, the process (UB;);»0 is also a
d-dimensional Brownian motion.

(To simplify, you may choose d = 2.)

Exercis Show that the probability that a Brownian motion is non-decreasing on a given
interval [ov4], 0 < a < b, is zero.

Exercise 10.  Let (B})i>o and (B?)t>0 be two independent Brownian motions. Show that
(By = 27Y2(B} + B?))t>0 is a Brownian motion.
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In all the ezercises, (Q, A, P) d and (Bt)t>0 a (real) Brownian

Exercise 1.
Let B a o-field of A and X be an ind
r.v. Y, and define the rv. Z = exp-
(1) What is E[Z|B]?
(2) Show that E[Z] = 1.

02). We consider a B-measurable

Exercise 2. Let X and Y be two in S 4 _foi;m law on [0, 1]. We set U = inf(X,Y)

)ISC RTINGALES
Exercise 3. Let (Yy)n,>1 bea sequenc of law U([0,1]). We set Fp, = o(Y1,...,Yy) and

we define the process (Xp)nen by X
=7
XntHl
Xn+1 —_— 3 ; . :;;
0 ’le+1<Yn+151
(1) Prove that X,, converges a.lmost surely towards a 1.v. Xe.

(2) Prove that the process (Xp)nen is an (.Fn)—fnartmgale

(3) Do we have X, = E[X|Fn]? Is the martia,le (Xn)nen uniformly mtegrable"’

(4) Let T := inf{n > 0, X, = 0}. Prove that T'is an almost surely finite stopping time. Do we
have the equality E[X7] = E[X0|?

oy
;.
(_.‘;

Exercise 4. Doob’s decomposition.
Prove that a submartingale (X,) admits t

:An.‘l']um n 2 0, i

where(M,) is a martingale and (A,) is a predictable increasing process such that Ag =0

‘-fol-lowing decomnposition:

Exercise 5. Let (X,) be a submartingale and a > 0.
(1) Prove the mazimal inequality:

3 aP( sup X > a) <E[X, Il{5‘-1130<JL<n ‘Q&‘ﬂ}} < E[X;]
v 0<k<n

(2) Prove the following inequality:
aP(sup | Xi| = a) < 2E[|Xn|] — E[Xo] < 2E[|X,|] + E[| Xo|]






Exercise 6. Doob’s inequality.
Let (X,,) be a martingale.
(1) Prove that, for a non negative r.v. Z and p > 1,

E[ZP] ~[ paP'P(Z > a)da
0

(2) We set Sy, := supg<p<n | Xk|- Let p>1and ¢ = E{JTT' Prove that (|.X,|) is a submartingale
and deduce the inequality:
, E[SP] < qE [|Xa| S27Y]
(3) Prove Doob’s inequality:
HSan = QHJ n![?
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