Numerical methods MATHMODS course:
Exercise sheet 2

1. Let (X;)t>0 be the Ornstein-Uhlenbeck process given by
dX; = Ma — Xp)dt +adWWy, t20, Xo=1,

where as usual (W;);>0 is a standard 1-dimensional Brownian motion, and A, a and
o are constants. Prove that

2
XN Loy (1 —a)e™, 0—(1 g )
27
for every ¢ > 0. Hence deduce that, if A > 0, X; = Z ~ N(a,0?/2)) in distribution
as t — oo. What is the distribution of X; if X ~ N(a,0?/2)\)? The limit measure
is called the invaeriant measure.

Practical: Use the Euler scheme to simulate N = 100,000 paths of (X;):cj0,9, With
Xo=1,a=2A=2and ¢ = 0.3. Plot approximations of the density p:(z), r € R
of X; at times { = 0.4, 0.8, 1.2, 1.6 and 2.0 (note that at ¢ = 0 both the actual and
approximate densities are Dirac masses at 1). On each plot overlay the exact density
function, and the density of the invariant measure calculated above. Observe the
effect of changing N (for example take N = 1000) and A.

Hint: In order to calculate the density of X; at the 5 points in time, we only need
to record the value of X; at these particular points. Thus the first step might be
to produce a raw data file that contains N rows (one for each simulated path) and
five columns (one for each point in time), with the (i, j)-th entry being the position
of particle i at the jth time step. This raw data file can then be used to create a
histogram describing the density at each time step. For this you can either write
your own procedure for creating histograms from raw data, or use a built-in function
(for example numpy.histogram in Python).

2. This exercise is to prove the Lemma used in the proof of the LP-convergence of the
Euler scheme, which we recall. Suppose (Xt)t20 is the R"-valued solution to the SDE

dX; = b(t, X})dt + o(t, Xp)dW;,  te[0,T],



where (W3)i>p is an R%valued Brownian motion and b : 0,T] x R* = R", o :
0,T] x R* — R™*? satisfy the usual conditions for existence and uniqueness of the
solution: b and o are globally Lipschitz uniformly in time and there exists a C'y such

that T
bt )]+ lo(t.)| < Cr(l+[e), Ve eR™ teOTL 0 o

i i D
Use this to show that for every p > 1 there exists a constant C’}p) such that ““F'“\Jl’j &5
(i)
sup E[|X:/%] < O (1+E(X0|?))
te[0,T]

(ii) for all t,s € [0,T] with s <,
E [|X; - X,|*] < CP) (1 + E(X0|%)) (¢ - )P

. This exercise is designed to highlight the fact that the Euler scheme does not al-
ways converge! Reference: “Strong and weak divergence in finite time of Euler’s
method for stochastic differential equations with non-globally Lipschitz continuous
coeflicients”, Hutzenthaler, Jentzen and Kloeden, Proc. R. Soc. A 467 (2011).

Consider the stochastic differential equation in one dimension given by,
de - f_t{Xf)dt + O'{Xt)du'ft, . {1)

where (W;)i»0 is a standard Brownian motion, and g and ¢ are functions : R — R.
Suppose that the initial condition is given by

Xo=¢,

where £ is an almost surely finite real-valued random variable on the underlying
probability space (€2, F,P), independent of . Suppose further that (1) has a unique
solution on [0, 1], and that we would like to approximate this solution.

(i) Recall how to construct the Euler scheme approximation (X if'}‘;\,)k=g___,‘j\- of the
1

solution to (1) on [0, 1] with time step J = 5.

Assume that the coefficients p and o are such that
1 ;
max{|p(z)|, |o(2)|} = a|1‘[d. min{|p(z)],|o(z)|} < C|z|?,

for all |z = €, and some constants ' > 1 and 8 > a > 1. In particular we do not
assume that the coefficients are globally Lipschitz.

We will moreover suppose that F(o(&) > 0) > 0.



(ii) Use the assumption that P(a(§) > 0) > 0 to prove that there exists an integer

K > 1 such that

o El+ |u(€) < K| >0.

x| -

0 :—P[|a<£)| >

Now define the constant
o
ry = max {2. C, (2CN + QCZ) “*“) e [C, ),

and consider the sets

, , 1 2 "
Cpam {w eq : |n e () = Wi (w)| € [N,ﬂ ke {1,....N -1},
W1 (@) = Wo(w)| 2 K(ry + K),
lo(€)| > % €] + (&) < K}-

for all N € N, where K > 1 is the fixed integer found in Part (ii).

(iii) Prove that

1 5.4 1 5 2C
> e (0N 4 90P) = F
aN'N 2 BN (2CN +2C%) =2+ -

(iv) Prove that for all N and w € Qy, it holds that
|Xf\/\(-‘-’)| Z TN
(v) Prove by induction on k that for all N and w € Qp, it holds that
| XN ()] = o
for all £ € {1,..., N}. In particular, use this to show that
XV W) = 22",

for all w € Qn.

(2)

(3)

Hint: A good place to start is to note that under the induction hypothesis, it

holds that
N k—1
Ryl 2™ 2wz O 2,

since a > 1 and by definition of ry. You may also like to use the elementary

inequality |a + b| > max{|al|, |b|} — min{|a|.|b[} for all a,b € R.



(vi) Use the Brownian scaling property to prove that, by the definition of Qp,

02 v n ,
P(Qy) = ——2 YN "N exp (-NEK(ry + K)?),

for all N € N (where 6 is as in Part (i)). You may also use the inequalities

_p2 9,2
re T ze 2

F(|Z] € [x,22]) =

P(|2] 2 x) 2

/

for any x > 0, where Z ~ N(0,1) is a standard normally distributed random
variable.

(vii) Deduce that there exist constants ¢j,c2 > 0 and v > 1 (independent of N) such
that whenever N is large enough, it holds that

P(Qx) = crexp(—caNT).
(viii) Use this result together with (3) to prove that
lim E[|XV]] = oo,
N—oo

and thus that )
lim E[|X]NP
N—oo

=,
for any p > 1.

(ix) Finally, returning the equation (1), suppose that the true solution is such that
E[|X1]?] < oo for some p € [1,00). Explain why Part (viii) shows that the Euler
scheme fails to converge under the given conditions on p and o. Use the above
results to give a simple example of an SDE with continuous coefficients such
that E[|X]] < oc, but for which the Euler scheme does not converge on the
interval [0, 1].
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