Numerical methods MATHMODS course:
Exercise sheet 3

1. Let (B:)i>0 be a standard one-dimensional Brownian motion starting from 0. Let
a > 0 and define

7o :=inf{t > 0: B; > a}
(i) Prove that P(7, < o0) = 1.

Hint: Consider the stochastic process (Z;)¢>o defined by

- -"32
Zf = exp (dBf — —2—t> s t 2 0, ;3 -l
Use Novikov's theorem to show that Z; is a martingale, and thus that

E(Zins) =1, Vt>0.

Write
E (ZU\T«;) =E (ZMTn 1{7.,:30}) +E (Zt/\fu 1{1-(,<:>c})

and use this to show that

!32
1=E (exp (3(1 - ?Ta) l{m<x}> . (1)

Finally, take the limit in the above as 3 — 0.

(ii) Use part (i) and (1) to prove that the Laplace transform of 7, is given by
E(e>™) = P, VA>0.

2. Practical: Let (W;);>0 be a standard Brownian motion starting from 0 and define
the first hitting time of 1 by

m =inf{t >0: W; > 1}.

Write code that approximates 71 using the first naive method described in lectures.
Use this code to produce a figure of the approximate density of 7 on [0, 1] (using for



example 100000 particles and time steps of 0.001). Overlay on this figure the exact
density calculated from lectures, which we recall to be

t~3e 2 t>0.

7

]P('T] € df) = 5
4T

Modify your code to use one of the other two methods from lectures, and compare
the results.

. Brownian bridge.

A zero-mean continuous Gaussian process B = (B(t));z0,1 is called a Brownian

bridge if the covariance function of B is given by

C(s,t) = min{s, t} — st, Vs, t € [0,1].

Show that B(t) = W (t) — tW(1) = (1 — )iV (ﬁ) t € [0,1], where (W (1))reo.) is
a standard Brownian motion.

Let (W (t))¢>0 be a 1-dimensional Brownian motion, and fix three determiniitic times
Ty < Ty < T5. Define _ /\\N\(‘;\ ~ 1N WL - WAL
X \JULE

Yag=W(T) —aW(Tp) - BW(T:), o820,

(a) What is the law of Y, 57

(b) Find conditions on e and 3 such that: (i) Y, 3 and W (Tp) are independent; (ii)
Ya3 and W(T5) are independent; and (iii) Y, 5 is independent of both W (7p)
and W(T5).

(c) Write W(T1) as a function of W(Tp) , W(T2) and Y, 3. Assume that you have
already simulated W(Th), W(Ty),..., W(Tay) for some N € N, and you want
to know the path on a finer grid Ty < T} < Ty < --- < Thy . Describe an
algorithm to generate W(T7), W(T3),..., W (Thn_1).



Hov‘hexd o' 3
Echisai 1}7(‘[(4 <) = 1
Novidov Thw . ey A ‘r?o\\ \ro\\w;lj o\c\arteol ' (‘Q“J'ﬁt)ﬂ))
o\ %L v Gj\/\
Cor 8 NEORIEY
> . 5 0 S 3 9
T ¢ E[Ql“’ t J“O ‘_)ZECQ 2
(A6T ) S o Mayhwgele 1n "
I D,
(Swall” t) ogee
\r\f& \m;\\l?; )\ = & 3 ™ 3 Q}t “
T So \t{ ¢ 2 X 2, @D
o\mt\ ZL QX\" l P’St - YE;{ \ \s O\Ho\umj@\e
?\'Jc‘t 5 L =5 =
il \F\ [8d3- 4] € ds \ ) El2. IR ]
s5¢ U B £

0

|4

T
Y 0@ Tl (jf\.\ﬁ% alav A S‘eﬂj
m'x%."i'/\l dat 5

. N ; ,t'L !
{‘ 8, ds +J G d8, *.ji j 6, s !

A



Doo e :
bs thum«\‘ ST)H-)\V\(J Thtorem

' r : —_
LQ, z t Cn M AV 1‘\\',\ = ('L\e ] " ‘
j C T, S d S ta'j r"n (& \mﬁ

EKQTA ) Ew‘l

NN Elzo. 1, .
" T Uren)

=%
i\

w g \E KZU\R\ ﬂrht “’}

= (6N e d "(;———DC\') £T
[ BBl g |
1 \.‘EK € e P’l\ 4_}. TW:ODK
whipn &'"’90

4528 d=iT
= " = N ZA B
¢ = ]E} -?\Rl



Em,v gige 5

PR AN S

2 )
“ﬁ'-‘n th S 'BFSH b By -« B,

P (Br- B ) ~(p1) B -4 R
_UW-W )R F(AY) B, _(ﬁv\) Ry ~4A L

B BraRe) = (b BBl - (BT B,

\!L\\( \fa\[‘; = P\\\&\%\\L\l\ oV yse No )H"\ s \;Dt\,xvuck\ﬁ rlCov)‘\‘f‘
i _ A, o
W2 (T,-Ta) p (B0 (Ti-Toy # (Rt

oV Q %Tl- ; %‘—0\ = 1 l %T\%FJ—X .k .[(KT\_KH}T%N\ %Tuﬁ\
= 1-( Q1= Keo) V)\'o‘x 4 lE@]’ﬂL



SW‘:\\)\O-\E; o, SVO\-‘M\&\\ %ﬁc\(:je

helw 2w Te own t\ TL

x#
A/\/ )
“\N\N\/ \/\/\,\“ by hew T
= | e
18 4\- (Y—Z”TO )t =
So £ = ’(,j-—To
Ta=ls

sugs htute v %%*\c\‘jf -

AANNGN

SIGTL Lo with v = Badat

gukﬂ\ﬂj% t K\S« @

chack
?..
| L ) \
R AR A
It
‘E%/\”t%i
kﬁ-ﬂ"st

T (1-{e) b,




Numerical methods MATHMODS course:
Exercise sheet 4

1. Suppose that there exists a risky asset with stochastic price process (S¢)i>0 and a
risk-free asset (Bi)>0 that evolves at the risk-free rate r i.e. dBy = rBydt. Let I1{t, Sy)
be a portfolio built on this market (i.e. it consists of long and short positions in both
the risky and risk-free asset), and suppose that the evolution of II is deterministic.

Definition: There exists arbitrage in the market if there is the possibility of making
a risk free profit.

Under the assumption that there is no arbitrage in the market, prove that II must
evolve at the risk-free rate 7.

2. Suppose that we in the Black-Scholes set up: we have a risky asset modeled as a
geometric Brownian motion (with constant drift o and volatility ¢), and a risk-free
asset that evolves deterministically according to the interest rate r.

Let V(t,5),t > 0, S € R be the price of an option on the asset at time ¢ and when
the price of the underlying is S. Suppose the option has expiry 7" and payoft function
given by ¥ : R — R. Recall the general pricing formula for V is

V(t,8) = e T Eq (¥(S1)IS: = S),
where (under the risk-neutral measure Q),
dSt = I'Stdt + chth";,

and (W) is a standard 1-dimensional Brownian motion. Show that this implies

1 20 1. .9 22
7 — 45— (T—t) (r—50 )(Tft)+a\/Tftz) —~ i
Vit 8)=e _\/2? /_x G (Se 2 e 7dz.

In the case of a European call option with strike price K, so that ¥(S) = max{STh
K, 0}, show that in fact we can explicitly write

V(t,8) = 50(d1) — Ke "9 (dp), (1)



where

log () + (r + (—=1)""11a?) (T - 1)

di= U\/ﬁ s 'i-E{l,Q}.
and ®(z) = # fjm e~*'/2dz is the cumulative distribution function for a standard

N(0,1) random variable. This is the world-famous Black-Scholes formula for the
price of a European call option!

. Generalised Feynman-Kac: Suppose that there exists a solution F* € C12([0,77] x
R%,R) to the equation '

k]

&F(t,x) + LF(t, @) — k(t,2)F(t,z) + g(t,z) =0, t€[0,T), z€R?
F(T, ) ="9(z)

where

-~ U:R' 5 R, k:[0,7) x R? 5 R and g : R? — R are “sufficiently” regular.

Xt =.’(?) y

Show that F' has the following representation

El

. ik
Fltyz) =1 (‘I’(XT)S I} k(. Xs)ds +/ Q(S;XS)JL klr:r ) g
t

for all t € [0,T] z € RY, where
dXy = b(Xy)dt + o(X¢)dW,

and (W3)¢>0 is a standard d-dimensional Brownian motion.

Hint: For s € [t, T], apply Ito to F(s, X;), and then to

S
G(s, Xs) 1= e~ Je BnX)drpg X)) +/ e ¢ kuXudug o X Y.
t



4. (Practical). Once again, suppose that we are in the Black-Scholes setup, and that
we would like to find the price C' of a European call option with strike K = 80
and T' = 1 year, given that the current price of the underlying is Sp = 100 (we are
currently at t = 0). Suppose that r = 0.03 and o = 0.2.

Of course, thanks to the Black-Scholes formula (equation (1) in Question 2 above),
we can calculate the exact value of C' using the given parameters. What is it” e
However, suppose we don’t know the exact formula. We therefore instead decide

to price the option using a Monte-Carlo method, starting from the general pricing
formula from lectures

C = Egq @M e (St — K)4|So = 100]

where as usual (under the risk-neutral measure Q), dS; = rS;dt + 05;dW, so that
S = Spelr—3e ) THalWr,

(a) Calculate an approximate value of C' by a Monte-Carlo method, with N large
enough so that we are 95% sure of being within being within 1% of the true
value. Justify the calculation of the confidence interval and the choice of N.

(b) We now look to improve the convergence (i.e. reduce the variance) of the pre-
vious estimator by the method of antithetic control. Define S| by

1 .
Sy = Spexp ((? - 502> T - JIVT) .

(St —=K)4s + (57 — K)+}

5 :
Calculate another approximate value for C' with the help of this formula. Com-
pare the precision of this value with the previous method for N* = 1000, 10000
and 100000 by calculating both the approximate value C and the size of the
95% confidence interval for each value of N and each method.

Show that

CE[E

(c¢) We now look to improve the convergence by importance > sampling.

(i) Check that size of the 95% confidence interval as a percentage of the approx-
imate value (. calculated with either of the above two methods, increases
as K increases. Why is this?

(ii) Use the Girsanov Theorem to show that

9

E[f(m)} =E [exp (—AW, - %t) FOV, + /\t)] ,

for all positive measurable functions f, t > 0.

(iii) Propose a value of A the allows us to reduce the variance of the estimator
for a strike K = 200.
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Exorase 4
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