Université de Nice - M2 Mathmods Stochastic Calculus - 2014/2015
WORKSHEET 4

In all the exercises, (0, A,P) denotes the current probability space and (Bt)i>o a (real) Brownian
motion.

1. CONTINUOUS MARTINGALES

Exercise 1. Let X be a r.v. with finite expectation and (F;)i>0 be a filtration. Prove that
(E[X|FH])ssg is a (Ft)eso-martingale. &

Exercise 2. Process with independent increments. Let (Xt)s>0 be a integrable process with inde-
pendent increments, that is for any ¢ > s, X; — X is independent of o (X, u < s), such that for
any t > 0, E[X;] = E[X(]. Prove that:

(1) (Xi)e>0 is a martingale,

(2) if for any ¢ > 0, E[X?] < oo then (X? - E[X?]),.,

(3) if, for some A € R and for any ¢t > 0, E[e*¥t] < co then (Z;);>0 is a martingale, where

Zy = YR [e’\‘\"] :

is a martingale,

Exercise 3. Let M be a continuous non negative martingale such that My = a > 0 and
lim; 00 M; = 0 almost surely.

(1) For y > O let T, = inf{t > 0, M; = y}. Prove that P(Ty < o0) = a/y.

(2) Prove that sup;5q M; ~ & where U ~ ([0, 1]).

2. MARTINGALE AND BROWNIAN MOTION

‘Exercise 4. Let Bj and B> be two independent Brownian motions. Prove that the process

X = BB, is a martingale with respect to the filtration (F}B"BQ)) .
t>

Exercise 5. Let B be a Brownian motion started in € R. Let @ < z < band define T, = inf{t >
0, Bi =a} and Tj = inf{t > 0, B; = b}.

(1) Prove that B is a martingale. Is B uniformly integrable?

(2) Using Doob’s optional stopping theorem, prove that
r—a

P(Ty < T,) =

(3) We suppose now that 2 = 0.
a) Prove that the process (B? —t is a (FP)i>o-martingale.
t t=>0 t = =)
(b) Use the previous results to show that E[T, ATy = |a|b. What can you say about E[T})?

Exercise 6. Let I = —infoc;<, By where T} = inf{¢ > 0, B; = 1}. Prove that I is a continuous
r.v. with density f(z) = (1—_,_1'17_7 220-

Exercise 7. Let B be a Brownian Motion started in 0 and A\ be a real number and define
e e o






(1) Prove that the process (M7),.,

(2) Let a € R and define T, = inf{t > 0, B; = a} . Prove that E[e=*Te] = ¢~V for any
&= 0 '
(3) Prove that for any a > 0,

is a (FP)i>o-martingale.

1 - o i1l
P(sup M} >a)<=. T Apply Dseb’s Inequalil
(DSSEt R a j ] 1

(4) Use the previous result to show the ezponential inequality : for any a > 0,

P( sup By > at) < eat2,
0<Ls<t
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Université de Nice - M2 Mathmods Stochastic Calculus - 2014/2015

WORKSHEET 5
WIENER’S INTEGRAL

In all the exercises, (2, A,P) denotes the current probability space and (By)i>o a (real) Brownian
motion.

Exercise 1.

(1) Check that the random variable ¥ = foﬂj e *dB, is well-defined.
(2) Give the law of V.

Exercise 2. Find two admissible functions f and g such that f < g and

PUOI £(s)dBs > jolg(s) st] > 0.

Exercise 3. Let f be an admissible function. Show that the process (fgt f(s)dBs)i>0 is a Gaussian
process. Compute its mean and its covariance.

Exercise 4. Let (X¢)¢>0 be given by:
$1/2
vt >0, X, :f (25)172 dB.
0

Show that (X;) i1s a Gaussian process. Compute its mean and its covariance. Deduce that X is a
Brownian motion.

Exercise 5. Let V4 be a random variable independent of B and of Gaussian law N(0,1/2). We
define the process (V;)¢>0 (so-called Ornstein-Uhlenbeck stationary process) by:

¢
YVt >0, Vi = exp(—t)Vg + f exp[—(t — )] dBs.
0

(1) Show that (V;)¢>0 is a Gaussian process.
(2) For any a > 0, prove that (Va+t)i>0 and (V;)i>0 have the same distribution.

Exercise 6. Let T' > 0. Show that

n 2
nglileKZ(Bﬂ/” — Br(i-1ym)’ - T) } =0.

i=1

Exercise 7. Let T > 0. Show that

* Bl n L2 ¥
/ (1+=)"dB; —— exp(B;) dB;.
0 n n—oo fq

Check first that the integrals are well-defined.



Exercise 8. Let T > 0. For a given n > 1, we define the process
. n—1
Vn > 0,¥t >0, BY = > Briml(Ti/nr(i+1)/m (-
i=0
(1) Prove that (B}')t>0 is a simple process w.r.t. the filtration generated by B.
(2) Show that

q
lim 1:/ |BY — By|?dt = 0.
0

n——+0c

(3) What is the limit, in L*(9), of
T
( f B! dBt> ?
0 n>1

T m
2
B = 2[0 BfdBi+ Y (Brin — Br(i-1)/n)
i=1

(5) By the previous exercise, deduce that

(4) Prove that

T
B%:Q/ B;dB; +T.
0
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Université Nice Sophia Antipolis - M2 Mathmods - Stochastic Calculus

WORKSHEET 6

ITO’S FORMULA

In all the ezercises, (€2, A,P) denotes the current probability space and (Bt)i>o a (real) Brownian
motion.

Exercise 1. For A and  in R, we consider the process
YVt > 0, X; = exp(—At) cos(0By).

(1) Compute dX; for t > 0.
(2) What are the values of

(A, 8) for which the dt-term in dX; vanishes?
(3) Deduce E[cos(8B;)] for t > 0.

Exercise 2. For r and ¢ in R, we consider the process

Yt >0, X; =exp(rt +oBy).

(1) Compute dX; for t > 0.
(2) What are the values of (r, o) for which the dt-term vanishes?
(3) For the values of » and ¢ obtained above, show that, for all 0 < s < ¢,

E[XIF)] = X,
where F; is the o-field generated by (B, )o<u<s.

Exercise 3. Let n be an integer larger than 1.
(1) Show that

t t
Yt >0, B = 2.’?/ B 1dB, 4 n(2n - 1}f B2,
0 0
(2) Deduce that
E(B{") = (2n — 1)E(B"72).
(3) Let Z be an A'(0,1) Gaussian variable. Deduce from the above expression that
E(Z®") = [(2n)!)/[2" x n!].
Exercise 4. Show that the following processes are martingales w.r.t. the filtration generated by B:
(1) vt > 0, X; = exp(t/2) cos(By).
YVt >0, Y, = exp(t/2)sin(By).

(2)
(4) V¢t >0, Wy = B} — 3tB;.

Exercise 5. Let (B;);>0 be an (F;);>o-Brownian motion. Show that (Bj — 6tB? + 3t?)>0 is a
martingale w.r.t. to the filtration (o(Bs, s < t))i>o0.

Exercise 6. Let (Bt)i>0 be an (F3)¢>0-Brownian motion and (by);>0 be a continuous and (F;);>o-
adapted process. Set

’ t
Yt > 0, X,:[ beds + By.
0

1



We assume that there exist two constants K and )\ such that
V>0, Yw € Q, |bi(w)| < K, by(w)Xe(w) < —(A/2) X (w).

(1) Show that for all T' > 0, supg<;<r E[X?] < +c0.
(2) Applying It6’s formula to (exp(At)X7?)>0, show

sup E[X7] < +oc.
>0
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