Chapter 6

Martingale Approach to Pricing and
Hedging

In this chapter we present the probabilistic martingale approach method to
the pricing and hedging of options. In particular, this allows one to compute
option prices as the expectations of the discounted option payoffs, and to
determine the associated hedging portfolios.

6.1 Martingale Property of the Ito Integral

Recall (Definition 5.3) that an integrable process (X;)ier, is said to be a
martingale with respect to the filtration (F;)ier, if

]E[XtIJ:S]:st 0<s<t.

The following result shows that the indefinite It6 integral is a martingale with

respect to the Brownian filtration (F3):er, . It is the continuous-time analog

of the discrete-time Proposition 2.1.

Proposition 6.1. The indefinite stochastic integral (IJ usst) of a
teR4

square-integrable adapted process u € LZd(.Q x Ry) is a martingale, i.e.:

E Uot u,dB, ]—'5] = [Jurap,,  0<s<t

Proposition 6.1 is a consequence of Proposition 6.2 below, which shows that

E [J; u,dB,

f”} =B [ 10, (r)urdB;

7|

- E UO 110, (7)urdB,

- jﬂ wdB,,  0<s<t.

fs}
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Proposition 6.2. For any u € L2,(£2 x R}) we have

E U:O uydB,

]:L‘usst, tER,.

In particular, fot usdBs is Fy-measurable, t € R,

Proof. The statement is first proved in case u is a simple predictable process,
and then extended to the general case, cf. e.g. Proposition 2.5.7 in [89]. For
example, for u of the form us := F1j,4)(s) with F' and F,-measurable random
variable and ¢ € [a,b] we have

E Uom usdB,

} =k Uooc F1i4,)(s)dBs

=B[F(B, - BJ)|7]
—FE [(B,, ~B,) }}]
= F(B; — Ba)

1
:fousst, a<t<b
On the other hand, when ¢ € [0, a] we have

E UO” uydBs ] -E U“’ F1y,4(s)dB,

]

- [ros- ]
- [i[ron -] 7]
v e[ 7

:jo usdBs, 0<t<a.
The extension from simple processes to square-integrable processes in LZ (2%
R, ) as in Proposition 4.3. Indeed, given (u"),cn be a sequence of simple pre-

dictable processes converging to u in L2(£2 x [0,77]), by Fatou’s lemma and
the continuity of the conditional expectation on L? we have:

E [(L: usdM, — U:C usdM, ILD2

< liminf I {(f u"dM, 7]EU;)

= lim E {(IE UO undM, —jo usdM,

)]
)]
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n—00
i 1 (]2 i)

B o _ 2
nlgrolc]E [L} [l — sl ds]
=0,

< lm E []E {(L“ungq —L“uﬁdMs)Q(ftH

where we used the 1t6 isometry (4.12). O

In particular, since Fy = {0, 2}, this recover the fact that the Ito integral is
a centered random variable:

E UOOO usst] -E UOOO u,dB, fo] = foo udB, = 0.

Examples

1. Given any square-integrable random variable F € L2({2), the process
(Xt)ier, defined by X; := E[F | F], t € Ry, is a martingale under P,
as follows from the “tower property”

E[X: | 5] = E[E[F | i) | Fs] = E[F | Fs] = X, 0<s<t, (6.1)

cf. (16.25) in appendix.
2. Any integrable stochastic process (X;)icr, with centered and indepen-
dent increments is a martingale:

]E[th}-s] = IE[XL - Xs + Xs‘]:s]
= E[X; — X|Fs] + E[X|F]
=E[X; — X+ X,
= X, 0<s<t. (6.2)
In particular, the standard Brownian motion (B);cr, is a martingale

because it has centered and independent increments. This fact can also
be recovered from Proposition 6.1 since B; can be written as

t
B, = L dB,, teR,.

3. The discounted asset price

Xt — Xoe(y—r)t+oBg —o2t/2

is a martingale when p = r. Indeed we have
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E[X,|F.] = E[Xoe" B "t/2| F,]
= Xoe T2 E[e B F,]
— X0€—52t/2 IE[€0<B,,—B_<)+UBS

T

— Xge_gzt/2+UB° ]E[QU(B:_BS) ]:5]

_ Xoe—n‘zf,/2+rrBs E[ea(Bt—Bs)]
_ Xge"’zt/“”B-‘ eoz(t—s)/2
— XUeaBgfags/Q
=X, 0<s<t.
This fact can also be recovered from Proposition 6.1 since X; satisfies the

equation
dX; = 0 X dB;y,

i.e. it can be written as the Brownian stochastic integral

t
Xt:X0+aj0 X.dB.,, teR,.

4. The discounted value _
Vi=e

of a self-financing portfolio is given by
-~ t
Vi=Vo+ | &udX.,  teRy,
cf. Lemma 5.1 is a martingale when p = r by Proposition 6.1 because
-~ - ot
Vi=Vo+o [ &XudB.,  teRy,

since

dX; = X ((p —r)dt + 0dBy) = 0 X,dB,.

Since the Black-Scholes theory is in fact valid for any value of the parameter
1 we will look forward to including the case o # 7 in the sequel.

6.2 Risk-neutral Measures

Recall that by definition, a risk-neutral measure is a probability measure P*
under which the discounted asset price (X;)icr, = (€7 S})ier, is a martin-
gale. From the analysis of Section 6.1 it appears that when p = r, (X;)ier,
is a martingale and P* = P is risk-neutral.
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In this section we address the construction of a risk-neutral measure in
the general case p # r and for this we will use the Girsanov theorem.

Note that the relation
dXt = Xt(([t — T‘)dt + O'dBt)

can be rewritten as ~
dX; = 0 X dBy,
where

Bo=F""t4B, teR,.
a

Therefore the search for a risk-neutral measure can be replaced by the search
for a probability measure P* under which (B;);cr, is a standard Brownian
motion.

Let us come back to the informal interpretation of Brownian motion via
its infinitesimal increments:

AB, = +Vdt,

with 1
P(AB; = +Vdt) = P(AB, = —Vdt) = 3

Drifted Brownian motion
Drif

W/m\ " MMVMWAVM\MA
PV

o 0.2 0.4 0.6 o.8 1

1.6

Fig. 6.1: Drifted Brownian path.

Clearly, given v € R, the drifted process B, := vt+ By is no longer a standard
Brownian motion because it is not centered:

Ejvt+ B =vt+ E[B)] = vt #0,
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cf. Figure 6.1. This identity can be formulated in terms of infinitesimal in-
crements as

1 1
E[vdt + dB,] = (vt + Vi) + 5 (vt — Vdt) = vdt # 0.

In order to make vt+ By a centered process (i.e. a standard Brownian motion,
since vt + By conserves all the other properties (¢)-(éii) in the definition of
Brownian motion, one may change the probabilities of ups and downs, which
have been fixed so far equal to 1/2.

That is, the problem is now to find two numbers p,q € [0, 1] such that
p(vdt +Vdt) + q(vdt —/dt) = 0

p+qg=1

The solution to this problem is given by
1 1
:5(171/\/%) andq:§(1+lx\/%).

Coming back to Brownian motion considered as a discrete random walk with
independent increments 4v/d¢, we try to construct a new probability measure
denoted P*, under which the drifted process B, := vt+ B, will be a standard
Brownian motion. This probability measure will be defined through its den-
sity dP*/dP with respect to the historical probability measure P, obtained
by taking the product of the above probabilities divided by the reference
probability 1/2V corresponding to the symmetric random walk, that is:

= I (7 3)

0<t<T

where 2V is a normalization factor and N = T/dt is the (infinitely large)
number of discrete time steps. Using elementary calculus, this density can
be informally shown to converge as follows as N tends to infinity, i.e. as the
time step dt = T'/N tends to zero:

2V ] ( T V\/7>7 I1 (1:Fu\/E)

o<t<T o<t<T

exp <10g II (1:Fu¢d7)>

0<t<T

= exp < 3 log (111/\@))

o<t<T
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~ exp <1/ Z 1\/%—% Z (¥u\/cﬁ)2>

0<t<T 0<t<T
1
= exp <l/ Z +Vdt — 51/2 Z dt)
0<t<T 0<t<T

1
= exp <—VBT — §V2T> s
based on the approximations

Br ~ Z +Vdt and T~ Z dt.

0<t<T 0<t<T

6.3 Girsanov Theorem and Change of Measure

In this section we restate the Girsanov theorem in a more rigorous way, using
changes of probability measures. Recall that, given Q a probability measure
on {2, the notation

dQ
i
means that the probability measure Q has a density F with respect to P,
where F' is a non-negative random variable such that IE[F] = 1. We also
write
dQ = FdP,

which is equivalent to stating that
Eold] = [ &w)dQ(w) = [ &w)F(w)dPw) = E[Fg],

where ¢ is an integrable random variable. In addition we say that Q is equiv-
alent to P when F' > 0 with P-probability one.

Recall that here, £2 = Co([0,T7]) is the Wiener space and w € 2 is a
continuous function on [0, 7] starting at 0 in ¢ = 0. Consider the probability
Q defined by

dQ(w) = exp (ﬂ/BT - %U2T> dP(w).

Then the process vt + By is a standard (centered) Brownian motion under

Q.

For example, the fact that T + Br has a standard (centered) Gaussian law
under Q can be recovered as follows:
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Eq[f(vT + Br)] = JQ f(wT + Br)dQ

1
= LZ (T + Br)exp (—VBT - §V2T> dP

200 1 d
= J fT +z)exp (ﬂ/x - §V2T> emat/eT) 2L

2nT
= [ fperren W
—00 -

27T
-, o
= Ep[f(Br)].

The Girsanov theorem can actually be extended to shifts by adapted pro-
cesses as follows, cf. e.g. [96], Theorem III-42. Section 14.6 will cover the

extension of the Girsanov theorem to jump processes.

Theorem 6.1. Let (¢1)icio,1) be an adapted process satisfying the Novikov
integrability condition

E [exp (% IOT \wt|2dt>] < o0, (6.3)

and let Q denote the probability measure defined by

dQ T 1T,
P exp (— fo PsdBs — 3 jo 1/)8ds> .
Then
B, =B +ft1/)ds te0,7]
t-— Dt 0 sto, ) ]
is a standard Brownian motion under Q.

When applied to

—r
po= BT
o
the Girsanov theorem shows that
~ n—r
By == ——t+ By, tel0,77, (6.4)
o

is a standard Brownian motion under the probability measure P* defined by

@ pmr (uer)?
7P —cxp< . By 552 T. (6.5)

Hence the discounted price process given by

X ~
% = (u—r)dt +0dB; =odB;, teRy,
t
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is a martingale under P*, hence P* is a risk-neutral measure. We obviously
have P = P* when p =r.

6.4 Pricing by the Martingale Method

In this section we give the expression of the Black-Scholes price using expec-
tations of discounted payoffs.

Recall that from the first fundamental theorem of mathematical finance,
a continuous market is without arbitrage opportunities if there exists (at
least) a risk-neutral probability measure P* under which the discounted price
process
X, :=e "8, te Ry,

is a martingale under P*. In addition, when the risk-neutral measure is
unique, the market is said to be complete.

In case the price process (St)sejt,o0) satisfies the equation

ds,
?: =pdt+o0dB;, teRy,  S;>0
we have
S, = SoevBy,fUzt/2+;Lt7 and X, = Soe(u—r)H»(rBt7(72t/27 te R+,

hence from Section 6.2 the discounted price process is a martingale under the
probability measure P* defined by (6.5), and P* is a martingale measure.

We have
dX; = (u—r)Xydt + 0X,dB, = 0 X,dB,,  teRy, (6.6)
hence the discounted value V; of a self-financing portfolio is written as
Vi=To+ [ €udX
= Vo+ fO 'Eu u
~ t ~
=Vo+o [ &XudB,, teRy,
0

by Lemma 5.1, and becomes a martingale under P*.

As in Chapter 3, the value V; at time t of a self-financing portfolio strategy

(&)Le[O’T] hedging an attainable claim C' will be called an arbitrage price of
the claim C' at time ¢ and denoted by 7;(C'), ¢t € [0,T7].
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Proposition 6.3. Let (§;,7:):ejo,1) be a portfolio strategy with price
Vi = m Ay + &S, t e 0,17,
and let C be a contingent claim, such that
() (&m0 )eejo,m s a self-financing portfolio, and
(ii) (&t )eefo,r) hedges the claim C, i.e. we have Vr = C.
Then the arbitrage price of the claim C is given by
Vi=e "TOEC|F], 0<t<T, (6.7)
where IE* denotes expectation under the risk-neutral measure P*.
Proof. Since the portfolio strategy (¢, 7:):er, is self-financing, by Lemma 5.1
and (6.6) we have
-~ o~ t -
Vi=Vo+o | &XudB,  teR:,
which is a martingale under P* from Proposition 6.1, hence
V=B [Vr | 7]
= e—rT IE*[VT | ]:t]
= "TE[C| F,

which implies _
‘/t _ ertV't — e—r(T—t) E*[C ‘ ]:t]

When the process (S¢)ier, has the Markov property, the value
Vo= "B [@(S7)| P = C(t.S),  0<t<T,

of the portfolio at time t € [0,T] can be written from (6.7) as a function
C(t,S;) of t and Sy, and by Proposition 5.3 the function C(¢,z) solves the
Black-Scholes PDE

oC 1, ,0°C

rC(t,z) = E(t,r) +ge0 w(t,w) + rxg—i(tw)

In the case of European options with payoff function ¢(z) = (z — K)™ we re-
cover the Black-Scholes formula (5.14), cf. Proposition 5.8, by a probabilistic
argument.
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Proposition 6.4. The price at time t of a European call option with strike
K and maturity T is given by
C(t,8) = Si®(dy) — Ke"TV(d_),  tel0,T)

Proof. The proof of Proposition 6.4 is a consequence of (6.7) and Lemma 6.1
below. Using the relation

ST _ Ster(T—tH»ﬂ(BT7Bf)—02(T—t)/27 te [07T],
by Proposition 6.3 the price of the portfolio hedging C' is given by
V, = e "R CF
eIV E(Sr — K)T|F)
77"(’]“ t) E*[(Stcr(’r t)+o(Br—B)—c?(T—t)/2 K)Jrl]_—t]
—T(T t) IE*[(J'BT(T t)+o(Br—B)—o?(T—t)/2 _ K)+}1‘:Sr
,r(T t) E*[(em(z)+X K)Jr]w:S“ 0<t<T,
where
m(z) =r(T —t) — (T —t)/2 + logx
and X = (B — B;) is a centered Gaussian random variable with variance
Var [X] = Var [o(Br — B)] = 0®Var [Br — B;] = 0*(T — t)
under P*. Hence by Lemma 6.1 below we have
V, = e~ T(T—t) E*[(em(r)JrX _ K)+]:E:St
- e*T(T’t)em(s‘)+”2(T’t)/2¢(v + (m(S;) —log K) /v)
—Ke " T D@ ((m(S;) — log K)/v)
= S, ®(v + (m(S;) — log K)/v) — Ke " T=I((m(S;) — log K)/v)
= 8, ®(dy) — Ke " T=O¢(d_),
0<t<T. O

Lemma 6.1. Let X be a centered Gaussian random variable with variance

v2. We have

E[(e™X — K)] = ™™/ 2d(v + (m — log K) /v) — K&((m — log K)/v).
Proof. We have

]E[(em+X —K)+] +z K)+6_I2/(2U2)dfr

1 oo
- V2mv? j—oo(e
emte K)e—:l;Q/(Z'U2)dI

\/27”)2 f m-+log K
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e 2 2 K oo
_ z—x?/(2v )d _
Vv 2mu2 [ m+log K ¢ r \/27”}2 .4[—7n+logK

em+v 2/2 5
_ —(v¥=2)%/(20?) _ 712/2
Nk J tlog K © dx J m+log K) /v de

m+v 2/2

\/W Jvz m+log K
= ™ 2Py + (m — log K) /v) — K&((m — log K) /v).

efmz/(Zuz)dCE

e/ @) gy — Kd((m — log K) /v)

Denoting by
P(t,5;) = e "IV E[(K ~ S7)*|F)

the price of the put option with strike K and maturity 7', we check from
Proposition 6.3 that

C(t,S) — P(t, St)
= e "TOE((Sr — K)|F] - e " E (K — Sr)t|F]
= "TDE*[(Sp — K)* — (K — Sp)*|F]
e "IV E*[Sp — K| F)
=5, —e 7TV,

This relation is called the put-call parity, and it shows that
P(t,8;) = C(t,8;) — Sy + e TTVK
=8®(dy) +e T IK -8 —e " TDKP(d_)

= —S5/(1—®(dy)) +e " TIE(1 - B(d))
= —5,®(—dy) + e " TV KP(—d_).

6.5 Hedging Strategies

In the next proposition we compute a self-financing hedging strategy leading
to an arbitrary square-integrable random variable C' admitting a stochastic
integral representation formula of the form

T

C=E(C]+ [ GdB, (6.8)
where ({¢)tcfo,q is a square-integrable adapted process. Consequently, the
mathematical problem of finding the predictable representation (6.8) of a

given random variable has important applications in finance. For example we
have
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T
B%=T+2f0 B:dBs,
and -
B%::a[o (T —t+ BY)dB,,

cf. Exercise 4.2.

Recall that the risky asset follows the equation

ds,
S—::udt-i-adBt, teR,, Sy>0,

and the discounted asset price satisfies
dX, = 0 X.dBy, teRy, Xo=2S50>0,

where (Bt)t€R . is a standard Brownian motion under the risk-neutral prob-
ability measure P*.

The following proposition applies to arbitrary square-integrable payoff
functions, i.e. it covers exotic and path-dependent options.

Proposition 6.5. Consider a random payoff C € L?(£2) such that (6.8)
holds, and let

e—r(T—t)

ft = Wgtv (6'9)
e T E*[C|F] — &5,
At ’

= tefo1]. (6.10)

Then the portfolio (§¢,m:)iefo,1) is self-financing, and letting
Vi = W]tAt + &St, te [O,T], (611)

we have

Vi =e"TOEC|F],  telo,T) (6.12)

In particular we have
Vr=C, (6.13)

i.e. the portfolio (§:,m:)iefo, 1) Yields a hedging strategy leading to C, starting
from the initial value
Vo = e "TIE*[C).

Proof. Relation (6.12) follows from (6.10) and (6.11), and it implies

Vo = e TE[C] = noAo + €050
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at t =0, and (6.13) at ¢t = T'. It remains to show that the portfolio strategy
(&5 m¢)eefo, 1) is self-financing. By (6.8) and Proposition 6.1 we have

Vi=mA + &S = e (Tt E*[C|F]

g

T ~
o—r(T—1) o+ {]E*[C} +L c\dB,

=TT <1E*[C] + jot Cud]?u)

t ~
_ Tt —r(T—t) -
Vo +e JO CudB.,

_rt ¢ r(t—u)
= Mo+o [ &S TdB,

~t ~
—eVo+o JO £ X, e dB,

t
etV + et fo €udXa,  tE€[0,T],
which shows that the discounted portfolio value ‘7,5 = e~ "V, satisfies
~ t
Vi=Vo+ || €udXu,  tef0.T),

and this implies that (&, 7:)ejo,) is self-financing by Lemma 5.1. 0

The above proposition shows that there always exists a hedging strategy
starting from

Vo = E*[Cle™"T.
In addition, since there exists a hedging strategy leading to
Vr = e,
then (‘Z)te[O,T] is necessarily a martingale with
V, = E* [VTW — e TEC|F], te[oT),

and initial value

Vo = B [VT} = TE[C).

In practice, the hedging problem can now be reduced to the computation of
the process ({¢)eo, 7] appearing in (6.8). This computation, called the Delta
hedging, can be performed by application of the Ité formula and the Markov
property, see e.g. [95]. Consider the Markov semi-group (P;)o<¢<7 associated
to (St)tejo,r), and defined by

Prf(Su) = E[f(Sequ) | Fu] = E*[f(Stqa) | Sul, tu Ry,
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which acts on functions f € C2(R), with
PP, =Py,  stecR,.
Note that (Pr—;f(S:))ieo,r] is an Fi-martingale, i.c.:

B [Pr_of(S:) | Fu) = B [E*[f(Sr) | ] | Fl
— E*[f(Sr) | ]
— Pr_uf(S.), (6.14)

0<wu<t<T, and we have
P_uf(z) =E*[f(S) | Su=2a] =E*[f(xS:/S.)], 0<u<t (6.15)

The next lemma allows us to compute the process ((t)ie[o,7) in case the payoff
C is of the form C = ¢(Sr) for some function ¢. In case C € L?(§2) is the
payoff of an exotic option, the process (Q)te[o,T] can be computed using the
Malliavin gradient on the Wiener space, cf. [82], [89].

Lemma 6.2. Let ¢ € C2(R™). The predictable representation

T ~
o(Sr) = B’ [6(50)] + [ B, (6.16)

is given by
0
G = USta(PT,M)(St), te0,7]. (6.17)

Proof. Since Pr_;¢ is in C?(R), we can apply the It6 formula to the process
t — Pr_¢(S:) = E*[¢(ST) | Fi],

which is a martingale from the “tower property” (6.1) of conditional expec-
tations as in (6.14). From the fact that the finite variation term in the It
formula vanishes when (Pr_;¢(St)):ejo,r] is a martingale, (see e.g. Corol-
lary II-6-1 page 72 of [96]), we obtain:

Pr_o(S) = Pro($0) + 0 [ Su - (Pru6)(S)dB., 1€ 0.T], (615)

with Pr¢(So) = EE*[¢(S7)]. Letting ¢ = T', we obtain (6.17) by uniqueness
of the predictable representation (6.16) of C' = ¢(St). O

By (6.15) we also have
C—SaE]*[¢(S)|S—]
t =0 o T t = Tjz=5,

- USt% E*[é(zSr/S)ecs,, ¢ € [0,T],
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hence

1 -
_ —r(T-t) 1
& O'SLE G (6.19)

= 00 L a5 /S s, tEDT]
;

which recovers the formula (5.10) for the Delta of a vanilla option. As a con-
sequence we have £ > 0 and there is no short selling when the payoff function
¢ is nondecreasing.

In the case of European options, the process ¢ can be computed via the next
proposition.

Proposition 6.6. Assume that C = (St — K)*. Then for 0 <t < T we

have s s
« | OT T
=05 E {?tl[[(‘oo) <x?>] - .

Proof. This result follows from Lemma 6.2 and the relation Pp_;f(z) =
E*[f(S7 )], after approximation of z — ¢(x) = (z—K)* with C? functions.
O

From Proposition 6.6 we can recover the formula for the Delta of a European
call option in the Black-Scholes model, cf. Proposition 5.5. Proposition 6.7
shows that the Black-Scholes self-financing hedging strategy is to hold a (pos-
sibly fractional) quantity

log(S:/K) + (r + a%/2)(T — t))
=P(dy)=9 >0 6.20
&= o(t) =a( e SUNNCED
of the risky asset, and to borrow a quantity
_ g2 _
- = Kefers (10g(5t/K) + (’r Ty /2)(T t)) S 0 (621)
ovT —1

of the riskless (savings) account, cf. also Corollary 10.2 in Chapter 10.

In the next proposition we provide another proof of the result of Proposi-
tion 5.5.

Proposition 6.7. The Delta of a European call option with payoff function
f(x) = (x — K)* is given by

1 K 2/2)(T —t
Et:gﬁ(d”:@(og<&/>+<r+cr/>< >>’ <ie
ovT —t
Proof. By Propositions 6.5 and 6.6 we have
146 Q)
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1 T
= r(T-1)
oS, € G

S S
_ —r(T—t) p* T T
=e E* | —1ikoo) | T—
{ St [H00) ( St )} 2=S,

— E—T(T—t)

< E* [eo(}ér—EL)—UZ(TfL)/Z#»T(T—L)l[K oc)(Iea(éT—I-::’t)—a2(T—L)/2+T(T7[,) ]

o
A
Il

=S,

= (T=0)/2-*/(AT~1) g,

_ ! Iw
©\/2a(T — t) Jo(T—8)/2=r(T~1)/o+0=" log(K/S1)

- ;JW e~ = (T=1)*/(2(T=0)) g,
\2r(T —t) J—d-/VT—t
1 oo 2
__1 ~(y-o(T-1)?/2
v dy
— 1 © —y2/2
abv o P
1 dy 2
=— eV /2
V2r _Loo Y
= &(d,).
0

As noted above, the result of Proposition 6.7 also follows from (5.10) or
(6.19) and direct differentiation of the Black-Scholes function, cf. (5.16). In
Figure 6.2 we plot the value of the Delta of a European as a function of the
underlying and of time to maturity.

200

Time to maturity T-t

underlying
) o 0198
Fig. 6.2: Delta of a European option with strike K = 100.

The gamma of the European call option is defined as the second derivative
of the option price with respect to the underlying, i.e.

o 147
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i = Wﬁcxp <7% <1°g<5t/K> Z\S%Z/m@ - t)))

In Figure 6.3 we plot the (truncated) value of the Gamma of a European as
a function of the underlying and of time to maturity.

100.5

0.01

underlying 07015

. Time to maturity T-t
99003 0198
Fig. 6.3: Gamma of a European option with strike K = 100.

Since Gamma is always nonnegative, the Black-Scholes hedging strategy is
to keep buying the underlying risky asset when its price increases, and to sell
it when its price decreases, as can be checked from Figure 6.3.

Exercises

Exercise 6.1 Consider an asset price (S;)ier, which is a martingale under
the risk-neutral measure P* in a market with interest rate r =0, and let
¢(x) = (x — K)* be the (convex) European call payoff function.

Show that, for any two maturities 7y < 75 and p,q € [0,1] such that
p+q = 1, the price of the average option with payoff ¢(pSt, +¢St,) is upper
bounded by the price of the European call option with maturity 75, i.e. show
that

E* [¢(pST1 + qSTQ )] <E* [¢(ST2)]

Hint 1: For ¢ a convex function we have ¢(pz + qy) < po(x) + q¢(y) for any
z,y € R and p, ¢ € [0,1] such that p+ ¢ = 1.

Hint 2: Any convex function ¢(S;) of a martingale S; is a submartingale.

Exercise 6.2 Consider an underlying asset price process (S;)ier, -
148 )
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a) Show that the price at time ¢ of a European call option with strike price
K and maturity T is lower bounded by (S; — Ke~"(T=)* ..
eTTTVE[(Sp — K)T | Fi] > (S — Ke " T=F . ¢ €0, 7).

b) Show that the price at time ¢ of a European putoption with strike price
K and maturity T is lower bounded by Ke="T=) — 8, i.e.

e T DE (K - Sp)t | F] > Ke " T-N* —§, tel0,T].

Exercise 6.3 Forward start options [100]. Given two maturity dates 71 < T5,
compute the price

e—r(Tl—t) E* [E—T(TQ_TI) E* [(STQ _ STl)+ ‘ ]:Tl] ‘ ]:t]

at time ¢t € [0,71], of a forward start European call option, i.e. an option
whose holder receives at time T the value of a standard European call op-
tion at the money, with maturity 7.

Exercise 6.4 Consider the price process (St)ie[o,r] given by

@ =rdt + odB;
Sy

and a riskless asset of value A; = Age™, t € [0,T], with » > 0. In this

problem, (1¢,&t)iejo,r) denotes a portfolio strategy with value
Vi = e As + &S5, 0<t<T.
a) Compute the arbitrage price
C(t,S) = e "I E|Sr)? | Fil,
at time t € [0, 7], of the power option with payoff |Sr|2.
b) Compute a self-financing portfolio strategy (¢, £ ):e[o,7) hedging the claim
|ST|?.
Exercise 6.5 Let again (1, &t)iepo,7] denote a portfolio strategy with value
Vi = ne A + &Sy, 0<t<T,
where Sy, resp. A, denotes the price at time ¢ of a risky, resp. riskless, asset.
a) Solve the stochastic differential equation
dS; = aSydt + odBy
Q) 149
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in terms of a, 0 > 0, and the initial condition Sy.

For which value a; of « is the discounted price process S; = e~ "3,
t € [0,T], a martingale under P ?

For each value of «, build a probability measure P, under which the
discounted price process S; = e 'S, t € [0,7], is a martingale.
Compute the arbitrage price

C(t,Sy) = e T Bylexp(St) | Fi]

at time ¢ € [0, 7] of the contingent claim with payoff exp(St), and recover
the result of Exercise 5.1.

Explicitly compute the portfolio strategy (1:,&t)ieo,r) that hedges the
contingent claim exp(St).

Check that this strategy is self-financing.

Exercise 6.6 Let (Bg)icr, be a standard Brownian motion generating a
filtration (F¢)ser, - Recall that for f € C*(R4 xR), Itd’s formula for Brownian
motion reads

a)

=

o
-~

£ B) = £0,B0) + [ 2L s, B)ds

Jo Os
t 0% f

tof 1
+], (s BB+ 5

5 ) W(é B;)ds.

Let r € R, 0 > 0, f(x,t) = e”*”z*”%/z, and S; = f(t, B;). Compute
df (¢, B;) by 1t6’s formula, and show that S; solves the stochastic differen-
tial equation

dSt = T'Stdt + O'StdBt,

where > 0 and o > 0.
Show that

E[e7Br | F] = eoBHe’T-0/2 <t < T
Hint: Use the independence of increments in the decomposition
By = (Br — Bt) + (B: — By)

and the Laplace transform E[e®X] = ¢**7*/2 when X ~ N(0, n?).
Show that the process (S¢)iecr, satisfies

E[Sr | F]=eTYS,  0<t<T.

Let C = Sy — K denote the payoff of a forward contract with exercise
price K and maturity 7. Compute the discounted expected payoff

V= e "I E[C |

150 o
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e) Find a self-financing portfolio strategy (&;,7:)tcr, such that
Vi = &Se + i Ay, 0<t<T,

where A; = Age™ is the price of a riskless asset with interest rate r > 0.
Show that it recovers the result of Exercise 5.3-(c).

f) Show that the portfolio (&,n:)¢efo,r) found in Question (e) hedges the
payoff C' = Sy — K at time T, i.e. show that Vp = C.

Exercise 6.7 Digital options. Consider a price process (S;)scr, given by

@:7'dt+odBt, So =1,
St

under the risk-neutral measure P. A digital (or binary) call, resp. put, option
is a contract with maturity 7', strike K, and payoff

$1 if S > K, $1 if S < K,
Cy = resp. Pyj:=
0 if St <K, 0 if Sy > K.

Recall that the prices m(Cy) and 7:(Py) at time ¢ of the digital call and put
options are given by the discounted expected payoffs

m(Cq) = e "TOE[Cy | Fi] and m(Py) =e "TDE[P; | F]. (6.22)
a) Show that the payoffs Cy and P, can be rewritten as
Cq = 1[k,0)(ST) and Py =19 k)(ST).
b) Using Relation (6.22), Question (a), and the relation
E1(x,00)(57) | St = 2] =P(S7 > K | Sy = ),
show that the price 7 (Cy) is given by
7(Ca) = Ca(t, St),
where Cy(t, x) is the function defined by
Ca(t,z) == e "TVP(Sp > K | S; = ).

¢) Using the results of Exercise 4.10-(c) and of Question (b), show that the
price m(Cq) of the digital call option is given by

Cutt ) = e (0 AT+ oe/K))
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— (lf'r'(Tft)glj(d_)7

where

r—o2/2)(T —t) + log(S:/K)

ovVT —t '
Assume that the binary option holder is entitled to receive a “return
amount” a € [0,1] in case the underlying ends out of the money at ma-
turity. Compute price at time ¢ € [0, 7] of this modified contract.
e) Using Relation (6.22) and Question (a), prove the call-put parity relation

P

2

T (Cy) +m(Py)=e"T=0  0<t<T. (6.23)

If needed, you may use the fact that P(Sp = K) = 0.
f) Using the results of Questions (e) and (c¢), show that the price m(Py) of
the digital put is given by

T (Py) = e 7T 0p(—d_).
g) Using the result of Question (c), compute the Delta

&= 201,5)

of the digital call option. Does the Black-Scholes hedging strategy of such
a call option involve short-selling ? Why ?
h) Using the result of Question (f), compute the Delta

0P,

: t,S
=5 ——(t,5)
of the digital put option. Does the Black-Scholes hedging strategy of such

a put option involve short-selling ? Why ?

Exercise 6.8 Option pricing with dividends. (Exercise 5.7 continued) Consider
an underlying asset price process (S;)ier, modeled under the risk-neutral
measure as

dSy = (r — D)Sydt + 0S:d By,

where (By)ecr, is a standard Brownian motion and D > 0 is a continuous-
time dividend rate. Compute the price at time ¢ € [0, T of the European call
option in a market with dividend rate D by the martingale method.

Exercise 6.9 Log options.

a) Consider a market model made of a risky asset with price (S;);er, as in
Exercise 4.12-(d) and a riskless asset with price A; = $1 x €™ and riskless
interest rate r = ¢/2. From the answer to Exercise 4.12-(b), show that
the arbitrage price

152 o)
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Vi =e " E[(log S)* | Fi]

at time ¢ € [0, T of a log call option with payoff (log St)* is equal to

Vi = oo @0, | L=t —B2j@r-0) | Go—rr-np g (Bt
27 T—1t

b) Show that V; can be written as

Vi :g(Tfta St):

where g(7,2) = "7 f(7,log z), and

— o | v/ (207T) Yy
Fr) = oy e o ().

¢) Figure 6.4 represents the graph of (r,z) — g(7,z), with r = 0.05 = 5%
per year and o = 0.1. Assume that the current underlying price is $1 and
there remains 700 days to maturity. What is the price of the option ?

T-t

s
Fig. 6.4: Option price as a function of the underlying and of time to maturity

3]
d) Show* that the (possibly fractional) quantity & = a—i(T —t,5;) of Sy at

time ¢ in a portfolio hedging the payoff (log St)™ is equal to

Cr—py 1 log S,
_ (Tt — (Dot <t <T.
&=e Std5<g\/j>, 0<t<T

e) Figure 6.5 represents the graph of (7,z) — %(T,I). Assuming that the
current underlying price is $1 and that there remains 700 days to maturity,

1
* Recall the chain rule of derivation 3f(T7 logz) = 7(?—f(7-, Y)|y=log x-
ox z Oy
e 153
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how much of the risky asset should you hold in your portfolio in order to
hedge one log option 7

Delta

Fig. 6.5: Delta as a function of the underlying and of time to maturity

f) Based on the framework and answers of Questions (c¢) and (e), should you
borrow or lend the riskless asset A4, = $1 x e", and for what amount ?

62
g) Show that the Gamma of the portfolio, defined as I} = a—xg(T —t,5),
equals

I —erm-nl (16<1og S02/(20%(T-0) _ g <10g5t)> 7

52 \o\/2n(T — 1) oVT —t
0<t<T.
h) Figure 6.6 represents the graph of Gamma. Assume that there remains

60 days to maturity and that S, currently at $1, is expected to increase.
Should you buy or (short) sell the underlying asset in order to hedge the
option ?

154 o)

This version: April 25, 2013
http://www.ntu.edu.sg/home/nprivault/indext.html


http://www.ntu.edu.sg/home/nprivault/indext.html

Martingale Approach to Pricing and Hedging

Gamma

Fig. 6.6: Gamma as a function of the underlying and of time to maturity

i) Let now o = 1. Show that the function f(7,y) of Question (b) solves the
heat equation

of - 19%f
E(Tvy)—gfyz(ﬂy)

f0,y) = (y)*.

Exercise 6.10 Log options with given strike.

a) Consider a market model made of a risky asset with price (S;)er, as in
Exercise 4.10, a riskless asset with price 4; = $1 x e, riskless interest
rate r = 02/2 and Sy = 1. From the answer to Exercise 16.4-(b), show
that the arbitrage price

V, = e "IV E* (K —log Sp)* | Fi]

at time t € [0, T of a log call option with strike K and payoff (K —log S7)™
is equal to

Vi = ger@= /%c—wrl«/aﬁ/(w—t»+C—w<T—t>(K,UBM, <%) ‘
T —

b) Show that V; can be written as
Vi=g(T —t,8),

where g(7,2) = "7 f(7,log z), and
— o] e (K—v)?/2%7) _ K-y
fry)=oy/5e + (K y)¢< oF )
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¢) Figure 6.7 represents the graph of (7,z) — g¢(7,z), with r = 0.125 per
year and o = 0.5. Assume that the current underlying price is $3 and
there remains 700 days to maturity. What is the price of the option ?

Price

0.4
0.35
0.3
0.25
0.2
0.15
0.1
0.05

Fig. 6.7: Option price as a function of the underlying and of time to maturity

13}
d) Show* that the quantity & = %(T —t,5;) of Sy at time ¢ in a portfolio
hedging the payoff (K —logS7)™ is equal to

1 K —log S,
= T _g (250t 0<t<T.
& c St ( oVT —t )7 -

e) Figure 6.8 represents the graph of (7,2) — %(T,I). Assuming that the

current underlying price is $3 and that there remains 700 days to maturity,
how much of the risky asset should you hold in your portfolio in order to
hedge one log option ?

2] 10
* Recall the chain rule of derivation — f(7,logz) = 7—f(7-, Y)|y=log a-
ox x Oy
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Delta

Fig. 6.8: Delta as a function of the underlying and of time to maturity

f) Based on the framework and answers of Questions (c¢) and (e), should you
borrow or lend the riskless asset A; = $1 x e"?, and for what amount ?

92
g) Show that the Gamma of the portfolio, defined as I, = TZ(T —t,5;),
equals
_ a1 1 (K— 2 20 K — log St
r—ermnl o~ (K—log S0)*/(20%(T—1)) +¢< ’
! SZ \o\2r(T —t) oVT —t

h

=

Figure 6.9 represents the graph of Gamma. Assume that there remains
10 days to maturity and that S, currently at $3, is expected to increase.
Should you buy or (short) sell the underlying asset in order to hedge the
option ?

Gamma

Fig. 6.9: Gamma as a function of the underlying and of time to maturity

i) Show that the function f(7,y) of Question (b) solves the heat equation
O 157
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of _1,0%f
E(Tvy)*ga TZF(T’y)

f(0,y) = (K —y)*.
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